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Abstract 



The modular form (azy) 5 notably appears in one of Igusa's classic structure 
theorems as a generator of the ring of full modular forms in genus 2, being 
exhibited by means of a complicated algebraic expression. In this work a 
different description for this modular form is provided by resorting to a 
peculiar geometrical approach. 



1. Definitions and Notations 

The symplectic group Sp(2g, R) acts biholomorphically and transitively on the 
Siegel upper half-plane S ? , namely the tube domain of complex symmetric g X g 
matrices with positive definite imaginary part; its action is defined by: 

yT:={aT + b)-{cT + d)- 1 y = T jj) 6 Sp(2g,R) (1) 



Furthermore, for each k 6 Z the non-vanishing function: 

D(y, T) k := det (ct + df V (y, x) 6 Sp(2g, R) x <S g 

is a factor of automorphy, i.e. a holomorphic function on S ? satisfying the 
cocycle condition: 

D(yy' r z) k = D(y, y'xf D(y', xf Vy, y' e Sp{2g, R) (2) 

Thanks to this property, an action of Sp(2g, R) is also well defined on the space 
of holomorphic functions on <S„ for each k e Z by means of the rule: 

(y\ k f){T):=D{y-\z)- k f{y-\) (3) 



The action of the so-called Siegel modular group T g := Sp(2g, Z) is particularly 
central to the theory of modular forms; a Siegel modular form, or simply a modular 
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form, of weight k e Z + with respect to a subgroup T of finite index in T g is a 
holomorphic function / : S ? — > C satisfying the property 0: 

y~V = / VyeT (4) 

Modular forms with respect to a subgroup T of finite index in T g form a ring 
A(T) which is positively graded by the weights. 

More generally, whenever x is a character of T, a modular form with weight 
k e Z + and character # is a holomorphic function / : S ? — > C satisfying: 

y-\f = x(y)f vyer 



As for subgroups of finite index in IV, they are, in fact, characterized by con- 
taining for some nel the so-called principal congruence subgroup of level N: 

T g (n) = {y eT g \y = l^modn} 

which is of finite index itself and normal in T g ; remarkable families of such 
subgroups are: 

T g (n, In) :={ye T g (n) | diag(a l b) = diag(c l d) = mod 2n } 
T g ,a(ri) '■= f y £ I c = mod n } 



An outstanding role in constructing modular forms is actually played by 
Riemann Theta functions with characteristics; for each m = (m' r m") eZ ! x 1i g they 
are defined on Sg x O* by the series: 

ojm := Z •* {' (•' + f )' (" + T ) + 2 ' (» + f )(« + t)} 



where exp(if) stands for e 71 "". Since 9 m +2 n (t,z) = (-l)' m « 6 m (T,z), these func- 
tions are parametrized merely by means of reduced g-characteristics, namely 
m' 



vector columns 



m" 



with m', m" e 



'4- 



Throughout this paper reduced g-characteristics will be simply referred to as 
g-characteristics, their set being henceforward conventionally denoted by the 
symbol C^. For each m e Q® the Theta constant 6 m with ^-characteristic m is 
defined by setting: 

m (T):=0„,(T,O) 

The only non-vanishing Theta constants are plainly seen to be those related to 
even characteristics, namely characteristics m satisfying (— l)' m ' m " = 1. More 
precisely, a parity function is defined on g-characteristics by: 



e(m) := (-1)' 



Vm = 



m 
m" 



C (g) 



1 When g = 1 a modular form is also demanded to be holomorphic on the cusp oo. 
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thus dividing them into even and odd respectively if e(m) = 1 or e(m) = — 1; there 
are then 2£~ 1 (2 S " + 1) distinct non-vanishing Theta constants for each g > 1, each 
being related to an even ^-characteristic, while the remaining 2£ _1 (2£ - 1) Theta 
constants that are associated to the odd ^-characteristics are trivial functions. 
Henceforward, the symbols Cf and Cf will stand respectively for the set of 
even ^-characteristics and the set of odd ^-characteristics. 



An action of the group T ? is well defined on C^' by: 





m' 




Y 


m" 





d -c\lm'\ Idiagidd) 
-b a J \m"J + [diagla'b) 



mod 2 (5) 



T g acts both on Cf and on Cf , the parity being preserved, and the action of 
the subgroup T g (2) is, in particular, trivial. The action of T g on fc-plets of even 
2-characteristics is also worth being briefly highlighted; when g = 2, a group 
isomomorphism between r2/T2(2) and the symmetric group S(, is naturally 
defined: 

ip P ■■ r 2 /r 2 (2) » S 6 (6) 

(2) 

by merely focusing on the action of r2/T2(2) on the six elements of Q . By 
pointing to the action of S(, on non ordered fc-plets of even 2-characteristics, the 
set of non-ordered 3-plets of even 2-characteristics, in particular, is found to 
decompose into two orbits (cf. |GS93|): 

Q = { {mi, m 2 , m) I e(mi + m 2 + m 3 ) = -1 } 
C3 = { {mi, m 2 , m 3 ) \ e{m x + m 2 + m 3 ) = 1 1 



with card(C 3 ) = card(C^) = 60, while non-ordered 4-plets of even 2-characteristics 
decompose into three orbits Qj", C* A and (cf. HGS93I ), where, in particular: 



C 4 = {{mi,...,m} I {mi,nij,m k } e C 3 V{m,-, c {m x , . . . ,m 4 }} 
Q = { {mi, . . . , m 4 ) I {mi,nij,m k } e CJ V{m,-, m ; -, m fc } c {m lr . . .,m 4 ) } 



with card(C 4 ) = card(C^) - 15. 

With reference to the actions described in (TT) and lO, the transformation law 
for Riemann Theta function can be now outlined; for each m e C^' and y e T ? 
one has (cf. | |lg66) or pg83) ): 

d Ym {y%, t {cT + d)- l z) = K(y)xm(y)<p(y,i,z) det(cx + d)W m (z,z) 
Vt eS s Vz 6 



where: 
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1. k is such a function that x(y) 4 = explTri'bc)} whenever y £ T g and, more 
particularly, K(y) 2 = exp \jTr(a - 1^)J whenever y e T 2 (2); 



2. Xm(y) = exp{2U(y)} with: 

1 



£ m (y) = - -( t m"bdm' + W Wm" - 2 t m' t frcm")+ 
8 

- -'diag(a t b)(dm' - cm") 



3. (/>(y, t,z) = expjj'z [(ct + d) J c]z}; 



4. The branch of det(cx + d) 1 is the one whose sign is positive whenever 
Rex = 0; 

Since cf)\ z =o = 1, Theta constants transform as follows: 

Qymty*) = K(y)x m (y)det(cT + d)W m (z) 

the product 6 m 6 n of two Theta constants being thus found to be a modular 
form of weight 1 with respect to T g (A, 8). 

Second order Theta constants can be also defined by setting for each m' £ Z| : 
e m ,(T) := 0^(2t,O) = 0^(2t) 

Whenever y £ T gi o(2), a remarkable transformation law holds for second order 
Theta constants: 

©m'(yT) = e^plx) = K(y)x^ j if) det(cx + d) * O^(t) 
where y := ^r, 

By virtue of this formula the product m '0„' of two second order Theta con- 
stants is likewise found to be a modular form of weight 1 with respect to T g (2, 4) . 

The product of all the non-vanishing Theta constants is a modular form of 
weight 2 g ~ 2 (2 g + 1) with respect to T g itself whenever g > 3. The case g = 2 
is instead a special one, the character appearing in the corresponding transfor- 
mation formula being not trivial; in this case a modular form of weight 5 only 
with respect to T 2 (2) is actually gained: 



X5 



■= Yl 6 m = p.- det 



meCf 



'©[00] 


©[01] 


®[1 0] 


@[1 1] ' 


<30[oo] 
dxn 


<50[oi] 

<?Tn 


50[io] 

<?Tn 


<?0[11] 
<?Tn 


<?©[0 0] 
<?T12 


<30[oi] 

<?Ti2 


30[io] 

<?T12 


<?©[!!] 
<3ti2 


<30[oo] 

V (?T22 


50[oi] 

(?T22 


<30[io] 

(?T22 


30[ii] 

<9t 2 2 / 



(7) 
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where [i e C* is a suitable non-zero constant. The square: 

xio = 4 = n e ™ ^ 

M6Cf 

is, though, a modular form of weight 10 with respect to IY As concerns the 
product of all the second order Theta constants: 

p g ■= n @m ' (9) 

this one is seen to be a modular form of weight 2 s " 1 with respect to T ? (2) when- 
ever g > 2. 



The ring A(Ti) of modular forms with respect to T\ is classically known to 
be generated as a C-algebra by the Eisenstein series E^ 1 ' and E^ respectively of 
weight 4 and 6. Regarding the g = 2 case, Igusa's structure theorem provides a 
set of generators (cf. |jg64| and IIg67)): 



Theorem 1. A(T 2 ) = C[Ef , E®, X w,Xi2, X35] 

where Ejp and E?' are f/ze Eisenstein series respectively of weight 4 and 6, ^ 10 z's f/ze 
modular form described in (©, ^12 z's fl modular form of weight 12 obtained by a suitable 
symmetrization: 



1 ^ 



2 i7 3 

{m; 1 ,...,mi 6 }s. f. 
cP-{m,j m, 6 )€q 



and ^35 := ^5 ■ (izy)s, ro/zere ^5 is as z'zz and (azy)5 z's defined by: 
(azy) 5 := - ±(d m d mj d mk ) 20 

\mj,mj,m k )€C~ 



where the signs are to be properly chosen in order to to gain the correct symmetrization. 

Due to the isomorphism \pp described in ^6), the group r2/T2(2) admits a sole 
non trivial irreducible representation of degree 1, the corresponding character 
being as follows: 

1 if ipp([y]) is an even permutation 

xp{y)-=\ ' (io) 

-1 if ipp([y]) is an odd permutation 



Then, by setting TJ = Kerxp, the following structure theorem holds (cf. [Ig64]): 
Theorems A(T+) = C[Ef,Ef ,X5,Xi2,{azy) 5 \. 
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Note 1. Amid the generators of A(Y+ ) described in Theorem^ xs and {azy)$ are 
the only ones that transform with the non-trivial character Xp under the action 
of the full modular group IV The function (azy)$ is, in particular, the unique 
modular form of weight 30 with respect to admitting a non trivial character 
under the action of r 2 . 

The next section is devoted to provide a different expression for (azy)^ by means 
of a remarkable geometrical construction already described in [GS93J. 



2. Geometric description of the modular form (azy)$ 

Second order Theta constants are related to Theta constants by Riemann's ad- 
dition formula. When g = 2, the following relations hold in particular between 
the ten non-trivial Theta constants and the four second order Theta constants: 



f)2 c\2 , f*2 , f\2 , f\2 a2 f\2 _ c\2 , p\2 _ (5)2 

[001 ^[00] loll [10] 111] [OO] W [00] [01] [10] [11] 

LooJ LoiJ 

q2 f\2 , f\2 _ p\2 _ (p>2 n2 _ f\2 _ f\2 _ f\2 , /»2 

[?o] ] [01] [10] [11] JOOj W [00] [01] [1 0] [1 1] 

^roil = 2®[oo]®[oi] + 20[io]®[ii] 0? 1O1 = 2@[oo]®[io] + 2®[oi]®[ii] 

LooJ LooJ 

il = 2®[oo]®[ii] + 2©[oi]0[io] 6f 01 i = 20[oo]®[oi] - 20[io]®[ii] 

LooJ LioJ 

20rmi®n ii 0m n = 20roni©n 11 - 2@rmi©i 



?noi ~ 2@[oo]®[io] ~ 20[oi]0[ii] 6 nx , - 20[ O o]®[ii] 

Lo 1J Li 1J 



[01]C[10] 



A quadratic form Q m in the variables Xi, X2, X3, X4 is, therefore, associated to 
each even 2-characteristic m: 

m^Q m where 6 2 m = Q m (0i,0 2 ,0 3 ,© 4 ) 

Hence, a quadric V m in the projective space P 3 also corresponds to each even 
2-characteristic m: 

m 1 > y,„ := V(Q m ) = { [Xi, X 2 , X 3 , X 4 ] 6 P 3 I Q m (Xi, X 2 , X 3 , X 4 ) = } 



Furthermore, for each 4-plet MeCJ the set 

f] V m c P 3 

nt€M c 

where M c stands for the 6-plet of even 2-characteristics being complementary 
in to M, contains exactly four points (cf. |GS93j). A configuration of four 
hyperplanes in P 3 is thus uniquely determined for any M e C^, each hyper- 
plane being characterized by passing through all except one of the four points 
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contained in the set C\m€M c Vm- Therefore, a collection of four linear forms de- 
scribing these four hyperplanes is found to be associated to each MeCJ: 

' !/f :=^f(X a ,X 2/ X3,X4) 

i/f := iff(X 1 ,X 2 ,X 3 ,X 4 ) 

i/f := iff(X 1 ,X 2 ,X 3 ,X i ) 
. iff :=ipM(Xi,X 2 ,X 3 ,X 4 ) 

Hence, a tetrahedron Tm in the projective space P 3 is uniquely determined by 
each 4-plet M = {m\, m 2 , m 3 , m 4 ) e , the set PlmeAf Vm being in fact the set of 
its vertices. 

A remarkable holomorphic function can be associated to eachM e by means 
of the functions iff: 

F m (t) := -FMCetooiW/Bioii^e^ojCTXe^!]^)) 
where F M :=UU^ 

In particular, the 4-plet 



Mo := 



00 




00 




00 




00 


00 




01 




10 




11 



is such that: 

P V m = {[1,0,0,0], [0,1, 0,0], [0,0, 1,0], [0,0, 0,1]} 

nieMjj 

the faces of the corresponding tetrahedron T Mo being thus described by: 

^f°=X i; iff° = X z ; <°=X 3 ; ^f°=X 4 ; 

Hence: 

Fm (t)= Y\ e m ,=P 2 (T) 

m'eZ 2 

and Fm is, therefore, a modular form of weight 2 with respect to r 2 (2) (cf. I© ). 

Lemma 1. TTze group r 2/ o(2) is the stabilizer Sf^o o/ffte Mo- 

Proof. On the one hand r 2j o(2) c SfM by definition; on the other hand, y e St^g 
implies diag( l cd) - cm" = 0mod2 for each m" e hence y e r 2j o(2). □ 
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As is an orbit, Lemma Q] self -evidently implies the following: 



Corollary 1. [r 2 : r 2/0 (2)] = 15 

The map [y] i-» TyM t is thus a bijection between r 2 /T 2i o(2) and the collection 
{Tm)m£C+ °f the tetrahedrons; the product of all the images of Fm under the 
action of the representatives of the fifteen cosets of r 2/ o(2) in r 2 is then a proper 
candidate to be focused on. However, the behaviour of Fm under the action of 
r 2/ o(2) is due to be investigated foremost. 

Proposition 1. Let xp be the character introduced in (IT0l >; then, with reference to the 
action in (3$, one has: 

ff^FMo = Xp(i])Fm Vf] 6 r 2 , (2) 

Proof. One only needs to check that Xp is the very character involved in the 
transformation law for Fm d under the action of T 2 o(2) . Since one has: 



Fmo^ot) = -Fmo(t) for t] 



a o i o 

10 

10 

o o o \) 



e r 2 , (2) 



then Fm transforms with a non- trivial character x under the action of r 2/ o(2); 
the character x is of course trivial on r 2 o(2) + := Kerx 3 r 2 (2), thus extending 
to a non-trivial character of T 2 (cf. |Ib91] Appendix), which is well defined on 
T 2 /r 2 (2); hence x extends to Xp, this one being the sole non-trivial character of 

r 2 /r 2 (2). 1 □ 

A holomorphic function is well defined for any fixed y e T 2 : 

<P}'( T ) : = xp{yT l {y~ l \iFM ){T) 

In particular, for a fixed choice y\, ■ ■ ■ y\$ of the representatives of the cosets of 
r 2/ o(2) in T 2 a notable holomorphic function is defined: 

15 



Proposition 2. The function (p does not depend on the choice of the coset representa- 
tives. 

Proof. If y\, . . . , yis and y' v . . . , y' 15 are two different choices for the representa- 
tives of the cosets of T 2 o(2) in T 2 , then there exists a permutation j of the indices 
such that for each i = 1, . . . , 15 one has y',, = r\{yi with rjj 6 r 2; o(2). Hence, by 
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||2) and Proposition [T] 

15 15 15 15 

= fj^w = n <P'?,y,( T ) = n^p(w / 0" i ((w) _i i2fM O )(T) = 

j=l i=l !=1 i=l 

15 

= YlxpiniY'T 1 D(r],y„T)- 2 xp(T],)D(rii,y,T) 2 F Ma (y,T) = 
;=i 

15 15 
= n^r'DO^T^FMoOAT) = []<p 7i (T) 
1=1 i=l 

□ 

Theorem 3. <p ts fl modular form of weight 30 M>#/z respect to T2 with character xp- 

Proof. The transformation formula (p{yx) = Xp(y) D(y, z) 30 (p(T) has to be proved 
whenever y 6 T2- Let thus y\,..., 715 be a fixed collection of coset representa- 
tives of I^o (2) in T2; then, for each y &T2 one has: 

15 15 

<p(y T ) = n^'^ = Ylxp(Y')~ lD (nn /i: )~ 2 F M (yiyT) = 

1=1 1=1 

15 

= [lArp^i)" 1 0(7,7, T)- 2 D(y,T) 2 F Mo (7irT) = 

1=1 

15 

= D(y,T) 30 []xp(y)^rW- 

i=l 

15 

= X p(y) 15 D(y, t) 30 [] cp Yiy (z) = X p(y) D(y, t) 3 V(t) 
1=1 

the last equality being due to Proposition [2] □ 



Corollary 2. There exists AeC* such that cp — A (azy)$. 

Proof. By Theorem [3] <p is a modular form of weight 30 with respect to 
transforming with a non-trivial character under the action of T2; hence, the 
thesis follows by Theorem [2] and NoteQ] □ 

Such an expression for the modular form (azy)$ has been recently found by 
Gehre and Krieg in a different way by means of quaternionic Theta constants 
(cf. IGKIOI). 
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